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ABSTRACT 
The s t a b i l i t y  of a gas bear ing  i s  t r e a t e d  by a new procedure 
Duhamel's theorem i s  invoked t o  g e n e r a l i z e  these  step 
i n  which t h e  bear ing f i l m  i s  charac te r ized  by i t s  responses  t o  step-jump 
displacements.  
responses  i n  a system of dynamical equat ions .  
c a l c u l a t i o n  of a "growth f ac to r "  f o r  each degree of freedom. 
S t a b i l i t y  i s  determined by 
i 
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NOMENCLATURE 
An = nth  LaGuerre c o e f f i c i e n t  (equat ion 8 )  
B = j t h  LaGuerre c o e f f i c i e n t  (equat ion l o )  
j 
C = Ground-in clearance 
F = t h e  f o r c e  i n  t h e  "jtt d i r e c t i o n  due t o  a displacement 
ij i n  the "i" d i r e c t i o n  
6F = t he  d i f f e r e n c e  i n  F i j  between t i m e  t and equi l ibr ium 
ij a t  t i m e  zero (equation 4 )  
H ( t - T )  = t he  response funct ion observed a t  t i m e  t produced by 
s t imulus  a t  t i m e  T ( equa t ion4)  
I = s h a f t  t r ansve r se  and p o l a r  moments of i n e r t i a  IT' p 
L = l eng th  of bear ing 
L1, L2 = d i s t ances  from s h a f t  m a s s  c en te r  t o  bear ings  one, two 
L (x) = n th  LaGuerre polynomial (equat ion 6 )  n 
M = s h a f t  m a s s  
= ambient p re s su re  Pa 
R = s h a f t  r ad ius  
r ( t )  = a response func t ion  (equat ion 3) 
s ( t )  = a s t imulus  (equation 3) 
t = t i m e  v a r i a b l e  
= Gauss i n t e g r a t i o n  weighting f a c t o r s  'i 
6x, 6y = small displacements i n  x and y d i r e c t i o n s  
a = a t t e n u a t i o n  constant  
al, a2 = s h a f t  angular  coord ina tes  
B = growth f a c t o r  (equat ion 14) 
ii 
t 
MOMENCLATURE (Cont. ) 
y = growth frequency (equation 15) 
E = eccentricity ratio 
u = viscosity 
T i= dummy variable 
il = shaft angular speed 
iii 
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1 . INTRODUCTION 
Recent i n t e r e s t  i n  gas  hybrid j o u r n a l  bea r ings  has  promoted a 
c l o s e r  look at the  s t a b i l i t y  of rotor-bear ing systems and, i n  p a r t i c u l a r ,  
a t  t h e  methods by which s t a b i l i t y  might be pred ic ted .  I n  genera l ,  two 
d i f f e r e n t  methods have been used t o  handle  t h e  mathematical  s t a b i l i t y  
problem. 
s t eady- s t a t e  mode of ope ra t ion  and determines whether t h e s e  pe r tu rba t ions  
grow o r  diminish.  The Routh-Hurwitz c r i t e r i o n  i s  used i n  t h i s  connection. 
The second method c o n s i s t s  of d i r e c t  d i g i t a l  computation of a l l  dynamical 
and f l u i d  f i l m  equat ions  and i s  known as t h e  "orb i t "  method. 
handle  l i n e a r ,  as w e l l  as non-linear, a s p e c t s  of t h e  problem. Both pro- 
cedures  have been employed ex tens ive ly  i n  earlier gas-bearing s t a b i l i t y  
work a t  The Frankl in  I n s t i t u t e  (19293)* and elsewhere. 
The f i r s t  method treats s m a l l  pe r tu rba t ions  from a hypotesized 
It can 
The foregoing methods of s t a b i l i t y  a n a l y s i s  have t h e i r  advan- 
t a g e s  and disadvantages.  The advantage of t h e  p e r t u r b a t i o n  method is  
p r i n c i p a l l y  t h a t  of any l i nea r i zed  a n a l y s i s ;  namely, t h a t  superpos i t ion  
i s  p o s s i b l e  and r e s u l t s  are e a s i l y  genera l ized .  It has  t h e  disadvantage 
t h a t  unusual geometr ies  are n o t  e a s i l y  accommodated and t h a t  i n  mult i -  
degree-of-freedom systems the  c h a r a c t e r i s t i c  equat ion  i s  exceedingly 
complicated. The second method has g r e a t  f l e x i b i l i t y ,  and can incorpo- 
ra te  grooves and o the r  a spec t s  of bear ing  design q u i t e  r ead i ly .  It gives 
s h a f t  and f i lm  behavior i n  g r e a t  d e t a i l .  It is  e x c e l l e n t  f o r  d e l i n e a t i n g  
t h e  performance of a p a r t i c u l a r  design,  b u t  t h e  l a c k  of g e n e r a l i t y  of i t s  
s o l u t i o n  makes paramet r ic  i n v e s t i g a t i o n s  expensive. 
advantage i s  i ts  consumption of cons iderable  computer t i m e .  
Its p r i n c i p a l  d i s -  
A new procedure f o r  s t a b i l i t y  a n a l y s i s  i s  presented  he re  which 
u t i l i z e s  t h e  s t rong  p o i n t s  of both t h e  o r b i t  and t h e  l i n e a r i z e d  approaches. 
The procedure obv ia t e s  t he  necess i ty  f o r  a s o l u t i o n  of a l a r g e  charac te r -  
* 
Number i n  pa ren thes i s  r e f e r  t o  re ferences .  
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~- l e  
i s t i c  equat ion  on t h e  one hand, wh i l e  avoiding r e p e t i t i o u s  c a l c u l a t i o n s  
of f lu id - f i lm  p res su re  d i s t r i b u t i o n s  on t h e  o the r .  Br i e f ly ,  t h e  method 
consis ts  of using an o r b i t  program t o  g i v e  t h e  responses  t o  step-jump 
displacements  i n  each degree of freedom of a system. 
Duhammel's theorem(4) these  s t e p  responses  can be used i n  a system of 
dynamical equat ions.  A p o s s i b i l i t y  then  e x i s t s  of running l i n e a r i z e d  
o r b i t  programs without  t h e  necess i ty  of d e t a i l e d  f lu id- f i lm c a l c u l a t i o n s  
By means of 
f o r  every case s t u d i e s .  
gram i s  thereby g r e a t l y  lessened. 
The computing time of t h e  o r i g i n a l  o r b i t  pro- 
2. TECHNICAL DISCUSSION 
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2.1 Response To Step-Jump 
I n  a l i n e a r  system, superpos i t ion  of fo rc ing  func t ions  l e a d s  
t o  supe rpos i t i on  of responses .  I f  t h e  system s t imu la t ion  i s  s i n u s o i d a l  
i n  cha rac t e r ,  t h e  methods of Fourier  syn thes i s  can be  used t o  p r e d i c t  
responses  t o  genera l ized  forcing func t ions .  The same s o r t  of genera l i -  
z a t i o n  i s  a l s o  p o s s i b l e  i f  t h e  response t o  step-jump s t imulus  is  known, 
and because t h i s  type  of response is more r e a d i l y  obtained from an o r b i t  
program, t h e  a n a l y s i s  he re  will be based upon it. 
Genera l iza t ion  of t h e  response t o  step-jump, can be accomplished 
by means of Duhamel's Theorem. 
follows: Suppose t h a t  r ( t ) ,  a response,  i s  l i n e a r l y  r e l a t e d  t o  s ( t ) ,  a 
s t imulus.  L e t  H(t--T) denote  the r-funct ion observed by time, t ,  as pro- 
duced by u n i t  i nc rease  of t h e  s-funct ion a t  t i m e ,  T .  Then w e  can consider  
t h e  more gene ra l  response occasioned by a more gene ra l  s t imulus  t o  be ob- 
t a ined  by superimposed step-jumps as shown i n  F igure  2-1. The jagged 
contour can be made t o  approximate t h e  smooth curve wi th  a r b i t r a r i l y  
nign p rec i s ion  DY reaucrrion or AT. 
Clea r ly  , 
A b r i e f  h e u r i s t i c  d e r i v a t i o n  i s  as 
r ( t )  = s ( o )  H(t)  + 1 (As)n H ( t  - nAT) , 
n 
= s ( o )  H(t) + 1 (s)n H(t - nAT)AT. 
n 
With n A T  = T ,  and n + m, A T  + 0, t h i s  equat ion becomes 
t .  
r ( t )  = s ( o )  H(t)  + S(T) H(t--T)dT. 
'0 
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A l t e r n a t i v e l y ,  i n t e g r a t i o n  by p a r t s  g ives :  
r ( t )  = H ( o )  s ( t )  + S(T) i(t-.r)d.r. 1: 
This  second form is  found more u s e f u l  i n  p re sen t  app l i ca t ions .  
2.2 Gas-Bearing Response Functions 
To i l l u s t r a t e  t h e  cha rac t e r  of t h e  response t o  step-jump i n  a 
t y p i c a l  gas-bearing app l i ca t ion ,  l e t  us consider  t h e  f o r c e s  on an in- 
f i n i t e ly - long  gas- lubr ica ted  jou rna l  bear ing ,  as shown i n  F igure  2.2. 
Corresponding t o  some vertical loading ,  t h e  s h a f t  c e n t e r  w i l l ,  i f  s t a b l e ,  
assume some equi l ibr ium pos i t i on  (x 
f l u i d  f i l m  f o r c e s  become: Fx = 0, Fy = load. 
suddenly given a s m a l l  x-wise displacement ,  fix, and -- held  t h e r e ,  bo th  Fx 
and F w i l l  be  a f f ec t ed .  There w i l l  be  t r a n s i e n t  f o r c e  responses  t o  t h e  
step-jump i n  "x" and new s teady-s ta te  f o r c e s  w i l l  a symptot ica l ly  be 
). I n  t h i s  case t h e  i n t e g r a t e d  
0' yo 
Now i f  t h e  s h a f t  is  
Y 
- 4 -  
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1, 
FIG. 2-2. /NF/NI TELY-LONG GAS-LUBRICATED 
JOURNAL BEARING 
achieved. S imi l a r  r e s u l t s  can b e  found f o r  any s m a l l  y-displacement, 
6y. Typica l ly ,  t h e  r e s u l t s  due t o  u n i t  6x a t  t = o can be expressed as: i 
Orb i t  programs are w e l l  s u i t e d  t o  provide  responses  f o r  t h e  
kind of displacement j u s t  hypothesized. Figures  2-3 and 2-4 g ive  com- 
p u t e r  r e s u l t s  f o r  an i n f i n i t e  j ou rna l  bear ing  ope ra t ing  wi th  E = 0.6, 
,1 - I . -TV. A L  =11uuLu uc UULCU LIML L ~ I C  n C U L V ~ S  g i v e  coral aimension- 
less s h a f t  f o r c e s  -- no t  f l u i d  f i l m  d e t a i l s  -- and t h a t  t h e s e  same curves 
always apply f o r  s m a l l  dev ia t ions  from t h e  s p e c i f i e d  opera t ing  condi t ion ,  
r e g a r d l e s s  of t h e  rest of t he  s h a f t  dynamics. The near-antisymnetry,  
H i -H i s  reminiscent  of j ou rna l  bear ings  wi th  a continuous f i l m  of 
incompressible  f l u i d ( 5 ) .  
by t h e  sudden s m a l l  displacement ( so  t h a t  ph = cons tan t  a t  each p o i n t  i n  
t h e  bear ing)  t h e  antisymmetry i s  e x a c t l y  t r u e .  
- .  . _ _  -4 , I  .-. 1 .. . 
i j  
i j  j i  
I n  f a c t ,  a t  t i m e  zero ,  when t h e  gas  i s  "trapped" 
For computer purposes,  i t  i s  p r e f e r a b l e  t o  have t h e  H.  i n  ana- li 
l y t i c a l ,  r a t h e r  than  i n  t a b u l a r ,  form. Asymptot ical ly ,  i t  may be  expected 
t h a t  
- 5 -  
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To rep resen t  intermediate  behavior ,  an expansion i n  LaGuerre's 
polynomials is  used. 
thogonal i n  t h e  i n t e r v a l  zero t o  i n f i n i t y  with a exponent ia l  weighting 
f a c t o r .  A s  a consequence, t h e  c o e f f i c i e n t s  found f o r  t h e s e  polynomials 
are "best" i n  t h e  leas t - squares  sense. 
They have t h e  form: 
These polynomials are chosen because they  are or- 
(6) 
and 
e-XL (x) n 
0 
The series approximation: 
is  used. The c o e f f i c i e n t s  
Lm(x) dx = 6 . m n  
An are determined by m u l t i p l i c a t i o n  of both 
s i d e s  of t h i s  las t  equat ion by L (ax)  and i n t e g r a t i n g .  Thus m 
1 Lm(at) [H( t )  - H(w)]dt = 1 1 AnLn(at) Lm( t )e-atdt  
0 o n=o 
= Amla t 81 
P r i o r  t o  the  running of a l i n e a r i z e d  o r b i t ,  an accu ra t e  va lue  
of the  a t t enua t ion  c o e f f i c i e n t  "a" i s  not  known and one must be guessed. 
For tuna te ly ,  a choice i s  not  c r i t i c a l ,  inasmuch as any "error"  i n  the  
guessed va lue  w i l l  be absorbed by t h e  LaGuerre c o e f f i c i e n t s .  
i f  t he  a t t e n u a t i o n  c o e f f i c i e n t  is opt imal ly  chosen, t h e  c o e f f i c i e n t s  of 
t h e  LaGuerre series w i l l  approach ze ro  most rap id ly .  
new a t t enua t ion  c o e f f i c i e n t ,  i t  is no t  necessary t o  re run  t h e  o r b i t  pro- 
gram. Ins tead ,  t h e  fol lowing conversion r e l a t i o n  can be used. 
Thus : 
However, 
To convert  t o  a 
- a -  
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where: 
To approximate t h e  r e s u l t s  i n  F igures  2-3 and 2-4, an a = 1.0 
w a s  used. When t e n  LaGuerre polynomials are used therewi th ,  t h e  numeri- 
cal r e s u l t s  are i n d e t e c t i b l y  d i f f e r e n t  on t h e  scale shown. 
2.3  S t a b i l i t y  Charac ter is t i cs  o f  the  I n f i n i t e l y  
Long Sel f -Act ing Gas Journal Bearing 
The foregoing theory  was f i r s t  appl ied  t o  ca l cu la t ed  t h e  sta- 
b i l i t y  th reshold  of an i n f i n i t e l y  long se l f - ac t ing  gas j o u r n a l  bear ing  
ope ra t ing  wi th  a s t eady  load appropr ia te  t o  E = 0.6, A = 1.46. 
t i o n  on t h i s  geometry and operat ing condi t ion  i s  a v a i l a b l e  from several 
sources  (2'7). 
responses  is  s t r a i g h t  forward. Dynamical equat ions  are w r i t t e n  i n  t h e  
Informa- 
The procedure f o r  us ing  t h e  information from step-jump 
f om: 
m6x = 6Fxx + 6F 
m6y = 6F + 6F 
Yx' 
*Y YY ' 
.. 
with  
6F = HF(o) 6y( t )  + 
Yx 
Typical  i n i t i a l  condi t ions  assumed i n  t h e  p re sen t  case  w e r e :  
6x(o) = -1 
6y(o) = 0 6y(o) = -1 
6+(0) = 0 
The corresponding l i n e a r e i z e d  o r b i t s  were computed numerically.  
growth of t h e  displacements  dx and 6y w a s  taken t o  i n d i c a t e  i n s t a b i l i t y ,  
w i th  con t r a ry  r e s u l t s  being taken t o  i n d i c a t e  s t a b i l i t y .  F igure  2-5 
shows a l i n e a r i z e d  o r b i t  deemed t o  be s t a b l e ,  F igure  2-6 shows one deemed 
t o  be margina l ly  s t a b l e ,  and Figure 2-7 shows one deemed t o  be h igh ly  un- 
s t a b l e .  Phys ica l ly ,  t h e  d i f f e rence  between these  cases lies i n  t h e  mass 
a s soc ia t ed  wi th  t h e  s h a f t .  
Eventual 
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To remove as much as poss ib l e  t h e  personal  judement f a c t o r  i n  
s e t t i n g  t h e  s t a b i l i t y  th reshold ,  a growth f a c t o r  w a s  ca l cu la t ed  from t h e  
o r b i t  r e s u l t s .  Asymptotically 6y w a s  assumed t o  possess  t h e  form: 
6y ( t )  = AeBt s i n  ( y t  + #), E131 
and t h e  growth f a c t o r  w a s  computed from f o u r  success ive  va lues  of by 
(spaced by A t ) .  
Thus': 
2 
2BAt - 6y3 6yl- 6y2 . e 
The a s soc ia t ed  frequency "y" was a l s o  of i n t e r e s t :  
-2BAt 
6 Y o  + SY2 e 
cos (yAt) = 
- B A t  2 6y e 1 
Figure  2-8 shows t h e  growth-rate found f o r  t h e  given opera t ing  
cond i t ion  E = 0.6, A = 1.46, a n d  v a r i o u s  va lues  of dimensionless  m a s s .  
The c r i t i ca l  va lue  of 2.17 converts  t o  - = 0.831. I n  Figure 2-9 
t h i s  las t  va lue  is  compared with t h e  r e s u l t s  of Marsh and of Cas te l l i  
and Elrod. 
eq. [15] i s  conpared i n  F igure  2-10 wi th  Marsh's work. Agreement i s  ex- 
c e l l e n t  i n  each case.  
MC u2 
4TPaL 
The r a t i o  of t he  c r i t i ca l  va lue  of "y" as obtained from 
Computer runs  t o  provide i n d i v i d u a l  p o i n t s  on t h e  curve i n  
F igure  2-8 can be  performed very quick ly  (approx. 30 secs on a Univac - 
1107 computer). P a r t  of t h e  speed achievable  is  due t o  a s p e c i a l  i n t e -  
g r a t i o n  procedure used i n  the  convolution i n t e g r a l .  To o b v i a t e  t h e  need 
f o r  us ing  d a t a  at every time step, a modified Gauss i n t e g r a t i o n  r u l e  w a s  
adopted f o r  which t h e  l o c a t i o n s  and o r d i n a t e  weighting f a c t o r s  Wi are 
given below. 
E 141 
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- + xi 
0 .197197636 
8/40 . .199459835 
15 / 40 .139711837 
19 /40 .062229510 
The r u l e  is  exact f o r  sixth-degree polynomials and nea r ly  exact for poly- 
nomials up t o  t h i r t e e n t h  degree. (For example, i t  g ives  1' x13dx = 
0.07136 i n s t e a d  of 0.07143). 
0 
2.4 Stability Characteristics o f  a Two-Bearing System 
To show t h e  v e r s a t i l i t y  of t h e  new step-jump technique, a two- 
bear ing  system w a s  next  s tud ied .  This  system w a s  conceived t o  c o n s i s t  
of two equally-loaded long bear ings each s i m i l a r  t o  t h e  s i n g l e  bear ing 
d iscussed  i n  Sec t ion  2.3. Figure 2-11 shows t h e  geometr ical  arrangement 
and d e f i n e s  l i n e a r  and angular  coord ina tes  appearing i n  t h e  dynamical 
equat ions.  The s h a f t  r o t a t e s  with angular  v e l o c i t i e s  (-a a and Q) 
about t h e  x, y and z )  axes re spec t ive ly  through t h e  s h a f t  c e n t e r  of gra- 
v i t y  and t h e i r  time d e r i v a t i v e s  are of d i s turbance  magnitude. 
2' 1 
M6k = 6F + 6F . 
YSl Y , 2  
Here 6 
i ng  #1, etc.  
r e p r e s e n t s  t h e  fo rce  i n  t h e  x-d i rec t ion  on t h e  s h a f t  by bear- 
The average l i n e a r  coord ina tes  of t h e  s h a f t  w i th in  t h e  
x , l  
bear ings  are: 
6x1 = 6% + L1 &al 6x2 = 6% - L2 &al 
= 6y + L 6a2 & Y l  M 1  1 by2 = 6yFf - L2 6a 
The sepa ra t ion  of t h e  bear ings  is presumed large enough t o  neg lec t  t h e  
e f f e c t s  of con ica l  misal ignuent  on f o r c e s  or torques.  Therefore:  
. 
v) 
X 
- 
a 
F 
LL 
X 
v) 
a 
- 17 - 
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r t  
6F = Hxx(o) 6x1(t) + J 6xl(-r) i x x ( t  - T)dT 
x , l  0 
E 181 
l -  
e t= . ,  where the  H-functions here  are the  same as f o r  t he  s i n g l e  bear ing  
of s e c t i o n  2.3 .  The angular  acce le ra t ion  equat ion becomes: 
ITNl = I S2k2 + (L1 6F - L2 6F ), 
P x , l  x,2  
I ti = -I ilkl + (L2 6F - L1 6F ).  E191 
T 2  P Y , 2  Y 3 1  
Here I and I a r e  t h e  t ransverse  po la r  moments of i n e r t i a .  
T P 
For t h e  b r i e f ,  i l l u s t r a t i v e  s tudy of two-bearing s t a b i l i t y ,  a 
system w a s  taken which has marginal t r a n s l a t i o n a l  ( a s  opposed t o  conica l )  
s t a b i l i t y .  A dimensionless mass (as pe r  Figure 2-8) of 2.0 w a s  chosen. 
For  l a r g e  enough bear ing separa t ion ,  t he  r e s u l t s  of Sec t ion  2.3 are dup- 
l i c a t e d .  As t he  bear ing loca t ions  are brought toge ther ,  t h e  immunity of 
the system t o  con ica l  wh i r l  i s  reduced and t h e  con ica l  s t a b i l i t y  th res -  
hold is  t ransgressed .  These f e a t u r e s  are i l l u s t r a t e d  by Figures.2-12 t o  
2-15. 
For t h e  response shown i n  Figures  2-12 and 2-13 t h e  t o t a l  bear- 
i n g  sepa ra t ion  is  20 # and t h e  bear ing system is  s t a b l e  i n  both t h e  trans- 
l a t i o n a l  and con ica l  modes. On t h e  o the r  hand, when the  bear ing  sepa ra t ion  
i s  reduced t o  4, a l l  o t h e r  operat ing condi t ions  remaining f i x e d ,  t h e  
t r a n s l a t i o n a l  modes remain s t a b l e ,  whi le  t h e  con ica l  modes become uns tab le .  
This f a c t  i s  shown i n  Figures  2-14 and 2-15. Figure 2-16 shows t h e  coni- 
cal o r b i t  of t h i s  uns t ab le  condi t ion,  and Figure 2-17 shows t h e  determina- 
t i o n  of t h e  s t a b i l i t y  threshold by means of a p l o t  of bear ing sepa ra t ion  
versus  exponent ia l  growth f ac to r .  
from t h a t  given by Marsh's approximate formula by less than 8%. 
The c r i t i c a l  bear ing  sepa ra t ion  d i f f e r s  
L i s t i n g s  of t he  d i g i t a l  computer programs used t o  implement 
the  above ana lyses  a r e  given i n  Appendix A. 
TIME STEPS 
3 
F/G 2-/2. TffA#SLAT/ONAL MOTlO# OF TWO B€Aff/#G SYST€M 
SHAFT MASS C€#T€ff COOffD/#AT€S VS TIM€ 
- 19 - 
N Io - 
0 0 0 
0 - 
0 
Y) t rr) CJ 
0 0 0 0 
0 0 0 0 0 0 0 0 
I I I 
0 - 
0 
0 
t 
0 
Y) 
rr) 
0 
0 
rr) 
0 
10 
N 
0 
0 cu 
- B
0 
0 -
0 
10 
s 
v) h e 
W k 
I- 0 
4 
9 u z 
E 
- 20 - 
8 
1 
- 
I 
I 
4- 
I 
I + 
I 
I 
4 
I 
I 
I 
1 
I 
I 
I 
0.5 
0.4 
0.3 
0.2 I > 
L3 z a 0.1 
z 
X 
LL 0 0 
v) w 
L3 3 -0.1 
k 
n = -0.2 a 
4 
-0.3 
- 0.4 
-0 .5 
I 
A =  1-96 
€o = 0.6 
ELI = EL2 = 2 
MASS = 2.0 
POLAR1 = 0.388 
4-YM 
I L  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
TRANS1 = 47.0 
AT = 0.05 
I \  
L i /  
I 
TIME STEPS 
F/G. 2-/4. TffANSLAT/ONAL MOTION OF TWO B€Aff/NG SYST€M 
SHAFT MASS c m r m  COORD/IVATES vs TIME 
- 21 - 
0 a0 iD 4 rJ 0 nl * CD 
0 0 0 0 0 0 0 
0 0 0 0 
I I I 
aNw I D  S ~ I W N I ~ ~ ~ O O ~  tlwinww do s 3 a n i i i d ~ w  
- 
0 d 0 0 
I I I \  
0 
0 
4 
0 In 
Io 
0 
0 m 
0 
In cu 
v) e 
w 
0 ) -  
w 
=E 
I- 
- 
O 
Y) - 
0 
0 - 
0 
10 
- 22 - 
00 
00 
6 4 " .  
(D 
0 e n N - 0 - CU n t  0 0 0 0 0 0 0 0  
0' 0 0  d 0 0  O d  0 
' 7 0  31VNIOt1003 UVlnSNV l N H S  
w 
I I I I I 
- 23 - 
5 .O 
N 
-I 
w 
-I 
w 
W 
I- z 
W 
0 
v) 
v) 
L - 
4 .c a 
a z 
k 
2 3.c 
I 
v) 
z 
0 a 
LL 
2 
0 
ZE a 
m 
w 
I .( 
B R G  1-1 - I - I-BRG 2 
r 
‘SHAFT MASS CENTER 
T -/CRITICAL 
SEPARATION = 3.14 
A =  1.46 
Eo= 0.6 
MASS= 2.0 
P O L A R 1  = 0.388 
T R A N S I =  47.0 
AT = 0.05 
E L I = E L 2  
- 
-0.08 -0.06 -0.04 -0.02 I 
- 
0 .02  0.04 0.06 0 
I-A2049-27 
3 .  CONCLUSIONS 
The utility of Duhamel's method has been demonstrated for nu- 
merical investigations of stability and dynamics of bearing systems. 
This new "step-response" method complements bearing orbit-programs by 
permitting rapid parametric examinations of stability-in-the small. In 
many instances, the method would appear to be preferable to methods em- 
ploying complex variable in that (a) computed quantities have easily 
interpreted physical counterparts and (b) the complexity of the procedure 
augments only slightly w i t h  system size. 
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4. RECOMMEN DAT I ONS 
1. A s  a consequent of t h e  implementation of t h e  s t e p  response 
method, i t  appears  d e s i r a b l e  t o  s t anda rd ize  s e c t i o n s  of t h e  ana lys i s ,  
such as t h e  manner by which t h e  response func t ions  are obtained,  t he  de- 
te rmina t ion  of t h e  LaGuerre c o e f f i c i e n t s ,  t h e  opt imiza t ion  of t h e  a t tenua-  
t i o n  f a c t o r ,  etc. s o  t h a t  t h e s e  s e c t i o n s  can be used as l i b r a r y  r o u t i n e s  
f o r  o the r  types  of bear ing  conf igura t ions .  
2. The method descr ibed i n  t h i s  r e p o r t  should be used t o  
s tudy t h e  s t a b i l i t y  of o the r  types of bear ings.  I n  p a r t i c u l a r ,  t he  ex- 
t e r n a l l y  p re s su r i zed  t h r u s t  bearing and hybrid j o u r n a l  bear ings.  
t h e  appropr i a t e  o rgan iza t ion  of t h e  component p a r t s  of t h e  a n a l y s i s ,  
t h e  s t a b i l i t y  a n a l y s i s  of t h e s e  more complex bear ings  can be done i n  a 
s t r a i g h t  forward manner. 
With 
I 
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APPENDIX A 
Fortran Program L i s  ti ngs 
A 
I-A2049-27 
The program used t o  produce the  LaGuerre c o e f f i c i e n t  (ROSIE) 
f o r  a long, p lane  j o u r n a l  bearing w a s  compiled on an I B M  7094 i n  
FORTRAN I V  and uses  "NAMELIST" fo r  input .  
from a more genera l ized  program and, as a consequence, has c e r t a i n  inpu t  
t h a t  are n o t  a p p l i c a b l e  f o r  t h e  type of problem t r e a t e d  i n  t h i s  r e p o r t  
This  program is  an adapt ion  
ROSIE con ta ins  t h e  following rou t ines :  
MAIN 
SUBROUTINE CUREAL (KAY) 
SUBROUTINE SET 1 
SUBROUTINE ALFA (KK) 
SUBROUTINE FILM 
SUBROUTINE FORCE (K) 
SUBROUTING QQO 
FUNCTION AUGER (N, ALPHAT) 
The MAIN program requ i r e  t h e  fol lowing inpu t  i n  NAMELIST forin:  
SXM = 
SYM = 
SA1 = 
SA2 = 
SB1 = 
SB2 = 
M =  
N =  
PLAMDA = 
ROVL = 
DT = 
TMAx= 
INF = 
ORDER = 
ALPHA = 
N K =  
NCASE = 
0.0 
e c c e n t r i c i t y  
no s h a f t  r o t a t i o n  
0.0 
no bear ing r o t a t i o n  o*ol 0.0 
no. of c i r cumfe ren t i a l  g r i d  i n t e r v a l s  
no. of axial g r id  i n t e r v a l s  
6uw R 2 - (TI 
pa 
R/L 
t i m e  s t e p  
maximum allowable no. of t i m e  s t e p s  be fo re  te rmina t ion  
FALSE 
o rde r  of t h e  LaGuerre  Poly. (an i n t e g e r )  
t h e  a t t e n u a t i o n  cons tan t  "a" 
3 
case  no. (an in t ege r )  
A 1  
I-A2049-27 
SUBROUTINE CUREAL i s  s p e c i a l l y  w r i t t e n  f o r  each type  of prob- 
l e m  and con ta ins  a s p e c i f i c a t i o n  f o r  t he  step-displacement from equ i l ib -  
rium; DELDEG is  t h e  s i z e  o f . t h e  s t e p  taken. 
For each degree of freedom, t h e  LaGuerre c o e f f i c i e n t  are punched 
ou t  i n  a loop which goes from K = 1, ORDER. 
i s  
The information on each card 
K, ORDER, XM, YM, A X ( K ) ,  AY(K), 
where XM and YM are t h e  coordinates;  AX and AY are the  coef f ic -  
i e n t  r ep resen t ing  t h e  f o r c e s  i n  t h e  X and Y d i r e c t i o n s .  The FORMAT is  
213, 2F7.3, 2E18.8, 26 X 2H$P 
The D y n a m i c s  program which reads  t h e  punched card output  l i s t e d  
above w a s  compiled i n  FORTRAN I V  on a UNIVAC 1107. The r o u t i n e s  used are 
ELRO (Main program) 
SUBROUTINE LAGUER 
FUNCTION ALAGER (N, ALPHAT) 
The inpu t  c o n s i s t  of 
1. READ:NDEG, NORDER, KSTEP, ALPHA 
FORMAT 316, F10.0 
where 
NDEG = no. of degrees  of freedom (2) 
NORDER = orde r  of LaGuerre polynomial 
KSTEP = t h e  i n t e r v a l  a t  which the  growth f a c t o r s  are t o  be 
p r i n t e d  out  (10) 
2. For each degree of freedom: 
READ: punched card output descr ibed  above 
3. READ: (H(=Iij ,  i = 1,2)  J = 1,2) 
FORMAT 4E15.8 
( t h i s  i npu t  must b e  punched from p r i n t e d  output  of 
c o e f f i c i e n t  program) 
4. READ:NT, NTMAX, DELTAT 
FORMAT 216, F10.0 
A2 
where 
I -A2 04 9-2 7 
NT = i n t e g r a t i o n  i n t e r v a l  
NTMAX = m a x i m u m  no. of t i m e  s t e p s  
DELTAT = t h e  t i m e  s t e p  DT x NT 
5.  READ:KLUE, AMASS, EL1, EL2, TRANSI, POLARI, ASYMM 
FORMAT 16, 6F10.0 
where 
KLUE = 1, go back to poin t  5 READ 
= 2, go back t o  po in t  4 READ 
= 3, s t o p  rn 
MC SIL AMASS = s h a f t  m a s s  (non-dimensional) 4 P-FL - a  
EL1, EL2 = d i s t a n c e  from s h a f t  m a s s  cen te r  t o  c e n t e r  l i n e  of brg,  1 
TRANSI, POLARI = s h a f t  t ransverse  and p o l a r  moment of i n e r t i a  (non- 
and 2 divided by l ength  of bear ing 
dimensional 
I 3 
IT} P 4 P . p  cn2 
ASYMM = i n i t i a l  displacement of brg.  1 relative t o  brg. 2 
The program l i s t i n g s  follow. 
A 3  
A4 
r- 
A5 
. .. , .- - . 
!4 
A6 
A7 
A8 
A9 
A10 
All 
A12 
A13 
. -  . 
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